Metamer mismatching has been previously found to impose serious limitations on colour constancy. The extent of metamer mismatching is shown here to be considerably smaller for trichromats than for dichromats, and maximal for monochromats. The implications for achromatic colour perception are discussed.
Introduction
The colour of a reflecting object does not seem to alter much as the illumination changes. This phenomenon, known as colour constancy, poses serious problems for colour vision theory (Brainard & Radonjic, 2014; Foster, 2011) . Colour constancy is usually understood as meaning that a change in illumination results in a transformation of the cone excitations induced by the light reflected by the object. A solution has been sought in the way enunciated by Helmholtz (1867) and elaborated upon by others (e.g., Ebner, 2007; Gijsenij, Gevers & Weijer, 2010) ; namely, to find an inverse transformation of the cone excitations. However, because of metamer mismatching (Wyszecki & Stiles, 1982) , such an inverse transformation (accounting for the illumination change) cannot exist in principle (Logvinenko, 2013; Logvinenko, Funt & Godau, 2014) . Indeed, two reflecting objects that invoke the same cone excitations under one light can produce different cone excitations under a second light (Wyszecki & Stiles, 1982) . Hence, being an unavoidable obstacle to any inverse (compensating) transformation, metamer mismatching imposes certain limits on colour constancy. Quantitative analysis of the extent of metamer mismatching in terms of a metamer mismatch index showed that metamer mismatching is rather large even for CIE illuminants D65 and A (Logvinenko, Funt & Godau, 2014; Logvinenko et al., submitted for publication) .
Interestingly, colour constancy has been reported not only for trichromats but for dichromats as well (Baraas et al., 2010; Ruttiger et al., 2001) , with some of these researchers reporting that colour constancy of dichromats is poorer than that of trichromats (Baraas et al., 2010) . In view of this it is of interest to compare metamer mismatching for dichromats and trichromats; and such a comparison is made here. For the sake of generality metamer mismatching is also evaluated for monochromatic vision. The results are presented below.
The extent of metamer mismatching for monochromatic, dichromatic and trichromatic vision
Given a point in the cone excitation space induced by some spectral reflectance under some illuminant (I 1 ), metamer mismatching under another illuminant (I 2 ) reveals itself in the metamer mismatch volume, which is the set of the cone excitations induced under illuminant I 2 by all the reflectances that are metameric to one another (i.e., map into the single point in the cone excitation space) under illuminant I 1 . Fig. 1 constant k) mapping to the achromatic interval (i.e., the interval connecting the black and white points) induced by a transition from CIE illuminant D65 to CIE illuminant A. Fig. 2 presents the metamer mismatch ''volumes'' for the dichromatic case obtained by using the CIE 1931 yðkÞ and zðkÞ colour matching functions for the same 9 reflectances. Of course, in this case the metamer mismatch volumes degenerate into areas. Notably, the metamer mismatch areas in Fig. 2 compared to the dichromatic object-colour solid area appear to be larger than the metamer mismatch volumes compared to the trichromatic object-colour solid volume in Fig. 1. Fig. 3 shows the metamer mismatch ''volumes'' (degenerating to intervals) for the monochromatic case obtained by using just the CIE 1931 yðkÞ colour matching function for the same 9 reflectances.
To quantify the extent of metamer mismatching an index (referred to as the metamer mismatch index) has been defined as a ratio of the metamer mismatch volume to the volume of the object-colour solid 1 (Logvinenko & Levin, submitted for publication; Logvinenko, Funt & Godau, 2014) . Metamer mismatch indices corresponding to these metamer mismatch volumes can be found in Figs. 4 and 5. As one can see, the extent of metamer mismatching essentially depends on the dimensionality of colour vision, progressively increasing from trichromatic vision through dichromatic to monochromatic. The amount of metamer mismatching in the monochromatic case is so large that it deserves special consideration. One more reason to pay extra attention to the monochromatic case is that it provides a good opportunity to look into the logic of the metamer mismatching calculation, which in the one-dimensional case is rather simple. 
Metamer mismatching for monochromatic vision
Consider a luminance channel (i.e., the CIE yðkÞ colour matching function) and two illuminants: CIE D65 and A (with spectral power distributions p D65 ðkÞ and p A ðkÞ). The luminance of the light reflected by an object with spectral reflectance function x k ð Þ under illuminant D65 is given by
where k min ; k max ½ is the visible spectrum wavelength interval; and under illuminant A by
Taking Eqs. (1) and (2) as defining formally two abstract colour mechanisms (L D65 x ð Þ and L A x ð Þ), consider the object-colour solid for these two mechanisms (Fig. 6) . It is an area in the colour mechanism output space 3 that encompasses the pairs of the luminance outputs (L D65 x ð Þ and L A x ð Þ) produced by all possible spectral reflectance functions x k ð Þ. The center of the object-colour solid (marked with an asterisk in Fig. 6 ) is produced by flat grey (written x 0:5 ), that is, the flat spectral reflectance function taking 0:5 across the whole visible spectrum wavelength interval, i.e., x k ð Þ ¼ 0:5 for each k. Note that a vertical cross section of the area through this point comprises points with the same abscissae as that of flat grey. It follows that there is an infinite number of objects which are equiluminant to flat grey under D65 (i.e., they reflect light that has the same luminance as flat grey under D65), and not equiluminant to flat grey under A. The luminance range of these objects under A is given by the vertical cross section of the area through L D65 x 0:5 ð Þ. In other words, this vertical cross section presents the metamer mismatch interval when the illuminant changes from D65 to A. It is the length of these vertical cross-section intervals for various abscissae that are presented in Fig. 3 .
Implications for lightness perception
Achromatic colour perception is usually discussed in terms of lightness-the achromatic perceptual continuum subjectively experienced as a series of shades of grey from black to white (Gilchrist, 2006; Wyszecki & Stiles, 1982) . It must be emphasised that lightness is thought of as a perceptual attribute of reflecting objects rather than light. ''Lightness is perceived reflectance'' (Gilchrist, 2006, p. 6) . However, as reflectance is different for different parts of the spectrum, this definition cannot be taken literally. Indeed, spectral reflectance is usually specified by a function, whereas lightness is usually quantified by a number. Being a scalar magnitude, lightness is expected to have a scalar as a stimulus correlate. So, in an attempt to specify a scalar stimulus correlate for lightness some averaging across the visible spectrum is often used. For example, the ratio of the luminance of the light reflected from the surface to that of the incident light (often referred to as albedo) is widely used as a single index of reflectance appropriate for the purpose of describing achromatic perception. Indeed, albedo is generally believed to be a stimulus correlate for lightness, lightness being defined as ''perceived albedo'' (e.g., see Anderson & Winawer, 2005; Sharan et al., 2008 to mention a few). In fact, the CIE defines lightness 4 simply as a monotonic function of albedo (Wyszecki & Stiles, 1982, p. 494 ).
The problem with this approach is that because of metamer mismatching albedo depends on the illumination. For instance, consider Fig. 7 , which is the same as Fig. 6 except that the output of each luminance channel (L D65 x ð Þ and L A x ð Þ) is normalised by the maximum luminance as would be obtained from the perfect
Þ is plotted, where x 1:0 is the perfect reflector. In other words, the axes in Fig. 7 express the albedo as calculated for illuminants D65 and A, respectively. Clearly, only the reflectances mapping to the bisecting dotted line in Fig. 7 have equal albedo for both the illuminants. Hence, albedo is not an intrinsic characteristic of a reflecting object, instead it varies with the illumination.
Even more importantly, two reflecting objects equiluminant under illuminant D65 (i.e., having the same albedo) stop being equiluminant under illuminant A. More generally, different reflecting objects having identical albedo under illuminant D65 can have albedos from a whole interval of values under illuminant A. For instance, as shown in Fig. 7 , the mismatch albedo interval for flat grey (under illuminant A) is 0:35; 0:65 ½ . This means that among the reflectances equiluminant to flat grey under illuminant D65 (with albedo 0:5) there are two reflectances that reach the endpoints of the mismatch interval, 0:35; 0:65 ½ . As described elsewhere (Logvinenko, Funt & Godau, 2014) , these reflectances can be explicitly evaluated. They prove to be step functions with a transition wavelength of 555:42 nm (see insertions in Fig. 6 ). Therefore, these two reflectances, which are of equal albedo under illuminant D65, have albedos differing by nearly a factor of 2 under illuminant A.
Note that one can loosen the requirement of being equiluminant (i.e., metameric) under the first illuminant (i.e., illuminant D65). Instead, one can consider all the reflectances the albedo of which differs from 0:5 by not more than some small number e > 0. For a switch from illuminant D65 to illuminant A the albedo of these nearly-metameric reflectances under illuminant A will disperse into an interval values that is even broader than the mismatch interval 0:35; 0:65 ½ . In fact, as shown by the highlighted area in Fig. 8 , it becomes a slab of points representing metamer mismatching for the reflectances with albedo equal 0:5 AE e.
4 It must be said that the CIE defines lightness as one of the three dimensions of colour. It implies that every colour (chromatic as well achromatic) has lightness. This clearly broadens the context, thus aggravating the problems discussed below. All this undermines the very definition of lightness as perceived albedo. Since albedo depends on the illuminant, lightness cannot be, as the CIE definition mistakenly assumes, some psychophysical function of albedo and hence neither can it be taken as a perceptual correlate of albedo. Since metamer mismatching means that albedo varies with the illuminant, albedo (thus, lightness) must be interpreted as a characteristic of the object/light pair, not the object alone.
To avoid this problem, one might restrict consideration to flat spectral reflectance functions only (i.e., those taking the same value across the visible spectrum). In this case reflectance can be characterised by a single number. However, real objects have spectral reflectance functions that are only approximately flat. True, one can always replace a real spectral reflectance function with a flat one that is equivalent to the real one in some way. For example, given an illuminant, for each spectral reflectance function there is a flat spectral reflectance function such that both have the same albedo. The latter will be referred to as the flat metamer 5 of the former by analogy with the notion of rectangle metamer suggested for trichromatic vision (Logvinenko, 2009 ).
The problem with such an approach is that, as shown elsewhere (Logvinenko, 2009) , rectangular metamers are subject to colour stimulus shift. In the one-dimensional case colour stimulus shift reveals itself in that the flat metamer as evaluated for some spectral reflectance function under one illumination is most likely different from the flat metamer evaluated (for the same reflectance) under another illumination. Once again, this is a straightforward consequence of metamer mismatching. Thus, restricting consideration to only flat reflectances equiluminant to the real ones does not help us avoid the problems caused by metamer mismatching.
Another approach might be to consider only those illuminant variations that do not cause metamer mismatching. Given two illuminants with spectral distribution functions p 1 k ð Þ and p 2 k ð Þ, the necessary and sufficient condition that there is no metamer mismatching induced by replacing them one with the other, is that
where k is a positive real number (Logvinenko & Levin, submitted for publication). In other words, no metamer mismatching occurs only when the two illuminants have the same (up to a multiplicative coefficient) spectral profile. This is a very restrictive condition and one that is hard to create even in laboratory conditions. Any difference in the shape of the illuminants' spectral distribution functions will result in some metamer mismatching, even if the two illuminants are equiluminant. To be more specific, denote the luminance of the light reflected by an arbitrary surface x k ð Þ and illuminant pðkÞ as
and consider some illuminant p 0 k ð Þ and reflectance x 0 k ð Þ. Clearly, one can restrict consideration to illuminants for which 0 < pðkÞ 1 without losing generality (so, p 0 k ð Þ is also assumed to be less than unit). Let us denote by P the set of all the illuminants pðkÞ equiluminant to
. How large, then, is the interval of the luminance values for the lights reflected by reflectance x 0 k ð Þ providing that incident lights run over P? Specifically, one has to determine the following interval of real numbers a:
Note that Eq. (4) is symmetrical with respect x and p. As 0 < pðkÞ 1, one can treat p as reflectance and x as light. In this case interval (5) is nothing more than the metamer mismatch interval evaluated for the shift from the equal energy illuminant to the illuminant with the spectral distribution function x 0 k ð Þ for the luminance value L x 0 p 0 ð Þ. So its range is of the same order of magnitude as that obtained for reflectance metamer mismatching (e.g., see Fig. 3 ). Hence, even if the illuminant varies while retaining its luminance value, the albedo of a reflectance may vary over a considerable interval.
Lastly, one might wish to consider only those reflectances that appear achromatic. However, metamer mismatching means that reflectances appearing achromatic under one illumination might look chromatically tinged under another. Recall that all the metamer mismatch volumes in Fig. 3 are computed for the flat reflectances, which by any standard are assumed to appear achromatic. Since those volumes extend well beyond the achromatic axis, it is clearly impossible to single out reflectances that will appear achromatic under every possible illuminant. In other words, restricting consideration only to ''achromatic reflectances'' will not help. So we see that if lightness is defined as a ''reflectance descriptor'' determined by albedo (or any other physical characteristic solely determined by reflectance), one cannot expect lightness to be constant with respect to illumination unless the illuminant variation is restricted to that described by (3). Furthermore, the potential range in the possible surface albedo resulting from metamer mismatching provides an indication of the degree of lightness inconstancy that can be expected as a result of the illuminant change.
It should be noted that lightness constancy has never been found perfect (Gilchrist, 2006, p. 6) . Such deviations from perfect lightness constancy are usually treated as ''errors'' in lightness perception (Gilchrist, 2003) . It follows from the above analysis that lightness inconstancy is not always the result of a failure of the visual system. Specifically, lightness inconstancy is an unavoidable consequence of metamer mismatching, which in turn is an unavoidable consequence of the object-light interaction, and it would be misleading to call it ''error''.
We believe that it would be more fruitful to change the focus. Instead of seeking lightness constancy that does not (and cannot) exist, it would be better to start studying lightness inconstancy. An obvious point to start from is to ascertain whether lightness inconstancy is within the limits outlined by metamer mismatching or exceeds them.
The role of trichromacy in achromatic perception
In trichromats metamer mismatching reveals itself as a dispersion along the achromatic interval (achromatic component), and a spreading in the chromaticity plane (chromatic component). In order to estimate the achromatic component, the intersection of the metamer mismatch volumes with the achromatic interval have been evaluated. The length of this intersection (a line segment) has been computed for trichromatic and dichromatic vision and plotted in Fig. 9 . Since in the monochromatic case this length is identical to the metamer mismatch index, the blue curve from Fig. 4 has been transferred to Fig. 9 for comparison. The curves in Fig. 9 show that the achromatic component of metamer mismatching decreases with the number of colour mechanisms, being for monochromats approximately three times as much as for trichromats. It follows that the degree of achromatic inconstancy caused by metamer mismatching for trichromats is distinctly less than for monochromats.
Of course, along with achromatic variation, metamer mismatching in the trichromatic case produces some chromatic variation. A reflecting object appearing like flat grey under one illumination might not only appear lighter (or darker) under another light but it also might get tinged with some hue. However, as the purity in the vicinity of the achromatic interval is quite low, such a change in chromaticity will be barely noticeable and hence not contaminate achromatic perception too much.
If, as many believe, achromatic perception were to be accomplished by a single channel then it would be subject to the same severe degree of inconstancy as metamer mismatching creates for monochromats. If, instead, achromatic perception were to be an aspect of three-channel colour perception then it could be much more constant. Interestingly, increasing the number of colour mechanisms not only provides additional (chromatic) dimensions but also makes achromatic perception more robust to the illuminant.
Conclusion
Metamer mismatching has been shown above to decrease as the number of colour channels (mechanisms) increases. Specifically, the greatest metamer mismatching is found to occur in the case of monochromatic (one-channel) vision. This has implications for lightness perception, which is widely believed to be derived from a single luminance channel. In particular, because of metamer mismatching, objects that have identical luminance under one illuminant are likely to differ significantly in their luminances under a second illuminant. Furthermore, an object's albedo also may undergo a significant change when the illumination changes. It follows that if lightness is derived directly from either luminance, a luminance ratio, or albedo-all of which vary with the illumination-then lightness too will be inconstant.
Interestingly, achromatic colour inconstancy was found to be less for trichromatic than for monochromatic vision. In other words, the degree of metamer mismatching for achromatic colours in trichromatic vision is less than that for the (necessarily) achromatic colours of monochromatic vision. This surprising finding follows from the fact that metamer mismatching in general decreases as the number of colour channels increases. This effect carries over from the general case of all colours to the specific case of achromatic colours, so that having more than one channel in fact makes achromatic perception more constant. 
